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Abstract. We show that counting functions of covers of are equal to sums 
of integrals associated to certain 'Feynman' graphs. This is an analogue of the 
mirror symmetry for elliptic curves ([0]). 



1. Introduction and main result 

According to Mirror Symmetry, it is believed that various counting functions on 
Calabi-Yau manifolds are related to period integrals on their mirror families. One 
case where the relation is well understood is that of 1-dimensional compact Calabi- 
Yau manifolds, that is, elliptic curves. In Q|, it is shown that the counting function 
of simply ramified finite coverings of an elliptic curve is equal to the partition 
functions in fermionic and bosonic field theories on the mirror family. 

We can also consider non-compact but algebraic analogues of Calabi-Yau mani- 
folds. The simplest one is C^: we regard it as an 'open Calabi-Yau manifold' since 
it has a nowhere vanishing holomorphic 1-form dzj z that has only logarithmic poles 
at and cxd. We consider the following enumerative problem and show that the 
resulting functions are equal to bosonic partition functions on C^. 

Definition 1.1. Let 6 be a nonnegative integer and k,l,di, . . . ,dk,ei, . . . ,ei posi- 
tive integers. We consider as \ {0, oo} and take distinct points Pi, . . . ,Pb G 
and sufficiently small circles 7 and 7' around and 00 respectively. Let 6 (resp. 
6') be the disjoint union of di-ple (resp. e^-ple) covers of 7 (resp. 7'), and let 
p : S ^ (resp. p' : 6' ^ C^) be the natural map. 

Then we define nb-di,...,dk;ei,...,ei to be the number of isomorphism classes of 
quadruples (C, 7r,i,i') where: 

• C is a possibly non-connected smooth curve, 

• n : C is a finite covering that is simply ramified over Pi, . . . , Pb (i.e., 
exactly one branch maps with degree 2) and unramified elsewhere, and 

• i : S C and i' : S' C satisfy t: o i — p and n o i' — p' . 

Here, an isomorphism of (Ci, tti, zi, i'j^) and (C2, 7r2, 12, 12) S''^ isomorphism 
/ ; Ci — > C2 such that 1^2 ° f = t^i, f ° ii =12 and f o i'l ^ 12- 

Definition 1.2. Let Fb.k.i{zi, . . . , z^; wi, . . . , wi) be the generating function 

nb;d,,...,dy,;eu-,eiZ^ -Zk -Wi ■ ' ' ' -Wi 

Remark 1.3. (1) The number nb-di,...,dk;ei,...,ei is nonzero only if ^ = X)^*- 
Thus, Fb^k,i is homogeneous of degree 0. 
(2) If fc + / + 6 is odd, we have Fb^k.i = 0. 
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Figure 1. 
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For bosonic interpretation, we consider the following 'Fcynman' graphs. Figure 
|l| shows examples. 

Definition 1.4. Let 6 be a nonnegative integer and k,l positive integers. We 
consider sets Vi = {zi, . . . , z^}, V2 = {xi, . . . , Xfc}, V3 — {wi, . . . ,wi} and V — 

^lU ^2 11^^3. 

We define a partial ordering on V as follows: for v,v' V, v < v' if and only if 
V € Vi, v' € Vi' with i < i' OT V = Xj,v' = Xji and j < j'. 

Let be a set and Vin, Vfin maps E V. Then V and E defines an oriented 
graph. Now we define Gb,k,i as the set of graphs satisfying 

• for any e € E, Wi„(e) < ^/^(e), 

• #{e e E\v.,n{e) = z^} = 1, 

• {#{e € E\v^nie) = xj, #{e € E\vf,„{e) = xj} = {1, 2}, and 

• #{e e i;|u/i„(e) = Wi} = 1. 

We define an isomorphism of graphs and {E' ,v[^,v'f^^) to be a 

bijection of E and _B' that commutes with Vin,Vfin and v[^,v'j^^. 

The following is our 'Bosons' formula. 

Theorem 1.5. In the notations of Definition \l.^ , we regard elements ofV as vari- 
ables. Then, if max{\zi\} < ri < ■ ■ ■ < r^ < min{|mi|}, we have 

where, forV — {E,Vin,Vfin), It is defined as 

^ " dXi \ -i-r Vrnie)Vfin{e) 



n 



1=1 \"'|a;.|=n 



n 



-Ixi I {v,n{e) - w/,„(e))2 ■ 



Remark 1.6. Consider a graph as in Definition 1.4 with the condition {#{e G 
E\vinie) = a;J,#{e e £;|?;/i„(e) = xj} = {1,2} replaced by {#{e g E^|t;m(e) = 
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G E\vfin{e) — Xi}} — {0,3}. For such a graph, the integral in Theorem 



1.5 is since all the poles of the integrand with respect to Xi are either all contained 



m \xi\ < Ti or m \x^\ > r;. 

Thus, Fi,^k,i is also equal to the sum of the integrals as in Theorem 1.5 over the 
set of isomorphism classes of graphs F with 'incoming', 'intermediate' and 'outgo- 
ing' vertices zi, . . . , Zk]Xi, . . . ,Xh',wi, . . . ,wi — ordering of intermediate vertices is 
essential — satisfying the following conditions: 

• the graph has no loops, that is, the two end points of any edge are not the 
same vertex, 

• each vertex Xi has three edges connected, 

• each Zi is connected to exactly one of xi, . . . ,Xh,wi, . . . ,wi and each Wi is 
connected to exactly one of a;i, . . . , Xfc, zi, . . . , z^. 

Remark 1.7. (1) As for 'Fermions' formula in it is straightforward to modify 
the arguments in §5 of Q to prove the following formula: 

6=0 \peZ>o + l/2 / \pGZ>o + l/2 

shows that the generating function for all fi(,;cii,...,dfc;ei,...,e, 's satisfies the Toda 
lattice hierarchy of Ueno and Takasaki. 

(2) The related problem of counting the numbers of covers of with arbitrary 
ramification over oo, called Hurwitz numbers, is also being actively studied (see, for 
example, pSV|| , 0, |GJ|, [^). This can be seen as an analogue of enumeration 



of curves in Fano manifolds, and as in the case of Fano manifolds, some recursive 
formulas are known. 

(3) In dimension 2, the author counted curves of degree up to 8 in an affine cubic 



surface which are images of morphisms from an affine line([Tl|), and interpreted 



those numbers from the view point of mirror symmetry of log surfaccs(| }T2| ). 

2. Proof 



Now we prove Theorem 1.5. We use notations in Definitions |l.l| and 



1.4 



Let di , . . . , dfc and ei , . . . , e; be positive integers such that di — ^ Ci — d. We 
rewrite nb-du...,dk\eu---,ei as in §4 of Q. 

Definition 2.1. We denote the group of permutations of {1, . . . , c?} by Sd- 

Let di = X]j=i ^'^'i o'di,....dk G Sd be the permutation 

(Jo + 1 •■• di){di + l ... d2).--- .{dk-i + l ... dk). 

We define and (7ei,....e, in the same way. 

For a,T Q Sd, we write ct"^ = t^^ctt = t o a o r^^ . 



Lemma 2.2. rih-di dk-.ei e, is the number of sequences (51, . . . , gb, t), where gi € 

Sd are transpositions and r € Sd, such that gt. - ■ ■ .gi.<7di d^ = (i^ei eiY ■ 

Proof. We may take 7 = {\z\ = tq}, 7' — {\z\ — rf,} and Pi — Xic'^^^^ , where 

< 7-0 < < • • • < Xfc < Th and < e ^ 1. Also choose n with Xi < ri < Xi+i for 

1 = l,...,6— 1. Then, let 7^ be the cycle that starts at ro, goes to r^, then runs on 
\z\ = ri counter-clockwise and goes back to ro(see Figure ||). 
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Figure 2. 




We choose a numbering of p^^{ro), where p : 6 ^ is as in Definition 
such that the monodromy of p along 70 is crdi,...,dk- Similarly, for p'~^{rb), we give 
a numbering so that the monodromy along the circle \z\ = rf,, counter-clockwise, is 

0'ei,...,ei ■ 

Let (C,7T,i,i') be given. Then, we can talk of monodromy iji G of tt along 
7i. Then gi := gig~_i is a transposition, since it is the monodromy of the simple 
ramification over Pi. Also, let t ^ Sd he the permutation defined by the path from 

to To and numbering of p'~^(rb) and p~^(ro). Then, we have gf,. •• • ■gi-(7di....,dk — 
9b = (o-ei,...,e,)^. 

Conversely, such (gi, . . . , gt, r) defines (C, tt, i, i'). □ 
We associate a graph to each (gi, . . . , gb,T) as in the above lemma. 

Definition 2.3. Let {gi, . . . ,gii,T) be as in the above lemma. For i = 0, . . . , 6, let 

Ei be the set of cyclic components of gi. • ■ ■ ■gi<Jdi_,...,dk- 

Let ~ be the equivalence relation on ]J Ei generated by the following relation: 
for u £ Ei and cr' G -Bi+i, cr ^ cr' if a = cr' as elements of Sd- 

Then let = JJ ^. For an element e = {aio , iTio+i, . . . ,crij} of where 
(T,; G ii^i, we define Vin{e) to be Xi^^ if io > and Vfin{e) to be Xij+i if ii < b. If 
io = 0, we take v to satisfy ctq = (<it>-i + 1 ... d^) and let fi„(e) = z„, and 
similarly if ii = b, we take with aj, — {cy-i + 1 • • . e^Y and let Vfin{e) — Wy. 

We say (51, . . . ,gb,T) belongs to (the isomorphism class of) {E,Vin,Vfin)- 
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Remark 2.4. In the situation of the above lemma and definition, Ei is naturaUy in 
one-to-one correspondence with the set of connected components of tt"^ ({ \z\ = ri}). 
The graph defined describes how these cycles meet and break. 



Lemma 2.5. The isomorphism class of {E,Vin,Vfin) defined in Definition \2.jI be- 
longs to Gb,k,i ■ 



Proof. We use notations in Definition 2.3 



If (Ti e Ei and e is the equivalence class of cTi, then fm(e) = Xi if and only if gi 
and (Ti intersect and Vfin{e) = Xi+i if and only if ai and gi+i intersect. 

There are either one or two cyclic components of gi-i- ■ ■ ■ ■gi<ydi,....dk that inter- 
sect gt, since gi is a transposition. If there is only one, say Ci-i, then two compo- 
nents of gi- ■ ■ ■ ■giO'di....,d^ intersect gi, i.e. the two components of giUi-i- In this 
case, we have #{e € E\vin{e) = Xi} — 2 and #{e G E\vfin{e) = Xi} = 1. If there 
are two, di-i and then giai-ia'i_i is the sole component of gi. ■ ■ ■ ■gi(yd^^....dk 
that intersects gi, and we have #{e G E\vin{e) = Xi} = 1, #{e e E\vfin{e) = 
Xi\ - 2. 

The other properties are easy to see. □ 

Definition 2.6. For a graph T — [E, Vin, Vfin), let ?T.r;di....,dfc;ei....,e, be the number 
of sequences (gi, . . . , gb, t), where gi are transpositions and t ^ Sd, such that 
gb- ■ ■ ■ ■gi-0'di,...,dk = (o'ei,...,e,)^ and that the associated graph is isomorphic to F. 
Also, let 

tv^Zi, . . . ,Zk;Wi, . . . ,Wl) ^ ^nr-du---,dk;eu---,eiZi ■ ■ ■ ■ -Zk -Wi .■ ■■ .Wi . 

From the two lemmas above, it suffices to prove the following to prove Theorem 
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Proposition 2.7. Let T be a graph whose isomorphism class belongs to Gb,k,i- 
Then, z/max{|zi|} < min{|wj|}, we have 

where, as in Theorem 

^ " dxi \ Vtn{e)vfin{e) 



^r-n , n 



with max{|zi|} < ri < ■ ■ ■ < rb < min{|?iii|}. 
We prove the proposition by induction on b. 



Claim 2.8. Proposition 2.7 holds for 6 = 



Proof. In this case, we have k — I and F connects Zi to li'o-(i) for some a ^ Sk. By 
symmetry, we may assume a — id. Then, t G Sd satisfies (Jdi,....dk — {<^ex....,ekY 
and the associated graph is isomorphic to F if and only if di — Ci and 

(rfVi + 1 ... d^) = (e.-i + 1 ... eif 
for i = 1, . . . ,k. When di — ei, the number of such t is Yl^i- Now 

oo 

-di\ TT ZiWi 



d,,...,d.=i 

proves the claim. □ 
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Claim 2.9. // Proposition 2.7 holds for b = n, it holds for b — n + 1. 



Proof. Let r = {E,Vin,Vfin) be an element of Gn+i.k,i- 
Case (1): #{e G E\v.in{e) = x^+i} = 1- 

By symmetry, we may assume Vfin{e) = wi. There are two edges e', e" such that 
Vfin{e') = Vfin{e") = Xn+i. Let r' S Gn,k,i+i be the graph obtained by removmg 
Xn+i and connecting e' to wi and e" to 

Write = ^j- If (ffi, ■ • . ,g„+i,r) belongs to F and gn+i. ■ ■ ■ ■gi(Jdi,...,dk = 

(s^ei,...,eiY 1 then there exist t' G S'^ with t'(z) = t(«) for < « < e/_i and positive 
integers e;,e;_|_i with e;+e;_|_i = e; such that .•• • .giadi,...,d^ = (o'ei,...,e,_i,e;,e;^J^' 
and that (gi, . . . , g„, t') belongs to F', as is easily seen from definition. 

Let ei, . . . , ei-i,e'i, ej_|_j^ be positive integers with X]i=i + + ej^j^ = rf. Then, 
let Xej_ej^^ be the set of (gi, . . . , g„, ii, . . . , such that there exists t' G Sd with 

the property that T'{i) = tj(0 < z < e/_i), g„. • • • .gi.(Jdi,...Ak = (o-ei,...,e,_i,e;,e;^J'^' 
and that the graph associated to (gi, . ..,(;„, t') is isomorphic to F'. 

If Vin{e') ^ Vin{e") or ej ej^^, r' maps (ej_^ + 1 ... ej) to the cyclic 
component of g„. • • • ■gi.(ydi,...,dk connected to Vin{e'), and (eJ + 1 ... ej_|_j^) to 
the one connected to Vin{e"). If C; ^ Cj+i, maps (ej_^ + 1 ... eJ) and (eJ + 
1 ... e[_^_-^) to cyclic components of lengths e[ and e[_^-^^, respectively. Thus there 
are ej.ej_|_j choices for r' in these cases and we have nr';di,...,dfc;ei,....e,_i,e;,e;^j = 
#Xe/_e/^^.e;.eJ^i. If ^^(e') = Ui„(e") and = e[^^ hold, then it is 2#Xe'^^e[^^-ef ■ 

On the other hand, for each (gi, . . . , (7„, ii, . . . , J G Xg/ g/^^ , there are ejej_|_j^ 
transpositions gn+i for which there exists r with r(i) = for < i < ei-i such 
that (gi , . . . , , r) belongs to F. The number of such r is e; := eJ + e'i_^i, and we 
have 



'^r;di,...,dfc;ei,...,e, 



Here the sum is taken over different X^j^ej^^'s with eJ + ej_|_^ = e;. 

Noting that Xej.gj^^ and Xgj^^ are the same for e[ ^ ej^-^ if and only if Wm(e') 
t'in(e"), we see 

nr:di.....4k\ei = ^ einr';du--;dk;eu.. 
if Wm(e') 7^ t;j„(e") and 

nr;di,...,dk;ei,---,ei =7^ X! e;71r';di,...,dfc;ei, 

if w„(e') = D„(e")- 
Finally, since 



dx XWl 
2tt^/^x {x — wiY 



It = f - — ^]=^7z — I7\I-^r'(^i: . ■ . :Zk]Wi, . . .,wi^i,x,x) 



holds. 



2ny/-^x {x — wiY 

proves the assertion. 

Case (2): #{e G E\vin{e) = Xn+i} = 2, 



dx XWl _ I _ / _e 

a; "'x '^i+i = e;i(;, ' 
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By symmetry, we may assume that wi-i and wi appear as w/m(e)- Let e' be 
the edge such that Vfin{e') — Xn+i- Let T' £ Gn,k,i-i be the graph obtained by 
removing Xn+i and connecting e' to u>;_i. 

As in Case (1), If (gi, . . . , g„+i, t) belongs to T and 5„+i.-- - .5icrdi,...,dfc = 
(CTei,...,e,)^, then there exists t' g 5^ such that g„. • • • ■gicrdi,...,dk = (o'ei,...,ei_2,e;)^ i 
where ej = e;_i + e;, and that (gi, . . . , g„, r') belongs to F'. 

For positive integers ei, . . . , e/_2, ej_]^ with X)i=i + ^/-i — '^j l^t X bet the set 
of {gi, . . . ,gn,ti, . . . such that there exists r' e Sd with the property that 

t'(z) = U{0 < i < e/„2), 5"- ■ • • ■gi-o-di.,...4k = (o'ei,...,e,_2,e;„ J""' and that the graph 
associated to (gi, ...,(;„, t') is isomorphic to F'. 

Then there are e'i_^ such r', and nr';di,...,dfc;ei,...,e,_2,e;_j is ^X.e'i^^. 

On the other hand, for e/_i and e; with e/_i + e; = the number of pairs 

((?„+!, t) with t(«) = ti(0 < I < ei-2) such that (gi, . . . ,g„+i,r) belongs to F is 
ej„]^ times e;_ie/: let (ai ... Ogj ^) be the cyclic permutation corresponding to 
e'. Choose 1 < r < ej j^ and let s be the residue of r + e; modulo ej_]^. We 
take 5,1+1 to be (a^ as), and then (7„+i.(ai ... ^e; j^) has cyclic components of 
lengths ei-i and ej, containing and respectively. We can choose r so that the 
two components equal (e;_2 + 1 ... e;_i)'^ and (e;_i + 1 ... e;)'^, respectively. 

Thus we have 

Since 

f dx xwi^i xwi 

Ir ^ f - — ^2 7 ^Ir'(zi, ...,zk;'wi,.. .,wi^2,x) 

J 2Try'-lx (X - wi-iy [x - wiy 

holds in this case, 

dx xwi-i xwi 



-X "^-1 = ei-ieiwi_ 



e(-i+e,=e' 



proves the assertion. 



□ 
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